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Canonical correlation analysis (CCA) Originally defined by
Hotelling in 1936 (Abdi et al., 2018). It is a statistical method whose
goal is to extract the information common to two data tables that
measure quantitative variables on the same set of observations.
Canonical correlation analysis creates pairs of linear combinations
of the variables (one per table) that have maximal correlation. CCA
generalizes many standard statistical techniques (e.g., multiple
regression, analysis of variance, discriminant analysis). After
principal component analysis (PCA), CCA is one of the oldest
multivariate techniques. CCA has been really feasible only with the
advent of modern computers. Recent developments involve the
generalization of CCA to the case of more than two tables and cross-
validation approaches to select important variables and the stability
and reliability of the solution obtained on a given sample. For each
data table, CCA computes a set of linear combinations of the
variables of this table called latent variables or canonical variates
with the constraints that a latent variable from one table has a
maximal correlation with one latent variable of the other table and
no correlation with the remaining latent variables of the other table.

Canonical correlation analysis can be used in a wide field of
study (plant science, biology, chemistry, meteorology, demography,
artificial intelligence, cognitive science, political science, sociology,
psychometrics, educational research, economics, and management
science) to analyse multidimensional relationships between multiple
independent and dependent variable sets (Akbas and Takma, 2005).
In agriculture, CCA analysis is widely used as an indirect selection
method for the genetic improvement of plants.
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Linear combination of two set of variables

The association between two sets of variables may be
quantified by canonical correlation analysis (CCA). Given a set of
variables X € RY and another set YeRP one asks for the linear
combination a" X That “best matches” a linear combination b'Y. The
best match in CCA is defined through maximal correlation. The task
of CCA is, therefore, to find acR%and beRP so that the correlation p
(ab)= pa'™X, bTY is maximized. The best-matching linear
combination a'™X and b"Y are then called canonical correlation
variables their correlation is the canonical correlation coefficient.
The coefficients an and b of the canonical correlation variable are
the vectors.

Let us assume that the two random vectors under investigation, X
and Y have the following covariance structure.

Var (X) _ (Zxexy)

Y Yyx vy
The algorithm of CCA consists of calculating the matrix
-1/2 -1/2
k= XX/ ZXYZYY/
and it’s SVD
k=TAAT

The diagonal elements of the matrix A are the canonical correlation
coefficients. The canonical correlation vectors can be obtained as

-1/2
a; = XX/ Y

-1/2
bi = yy/ Si

and the canonical correlation variables are
ni = aLTX’
It can be easily verified that

var(p) = 3,

The assumptions for conducting canonical correlation.
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1. It is assumed that the interval type of data is used to carry out
canonical correlation.

2. It is assumed in canonical correlation that the relationships should
be linear in nature.

3. It is assumed that there should be low multicollinearity in the data
while performing canonical correlation. If the two sets of data are
highly inter-correlated, then the coefficient of the canonical
correlation is unstable.

4. There should be unrestricted variance in canonical correlation. If
the variance is not unrestricted, then this might make the canonical
correlation look unstable.

The interpretation of canonical correlation analysis: can be
performed in different ways: canonical weights or standardized
coefficients, canonical loadings, and canonical cross-loadings (Hair
Junior et al., 1998). Canonical loadings measure the simple linear
correlation between an original observed variable in the dependent
or independent set and the canonical statistical variable of the set;
and the higher the coefficient, the more important the variable for the
canonical statistical variable (Hair Junior et al., 1998). Canonical
loadings have advantages over canonical weights, such as lower
standard error and greater stability in replicate samples (Meredith
and William, 1964). The use of canonical cross-loadings consists of
the correlation between the observed dependent variable and the
independent canonical statistical variable, and vice versa, providing
a direct measure of the relations of dependent-independent variables
by eliminating an intermediate step involved in conventional
loadings (Hair et al., 2017).

R codes to perform canonical correlation analysis

require(ggplot2)
require(GGally)
require(CCA)
require(CCP)
#import the data
colnames(mm) <- ¢()
summary(mm)
psych <- mm[, 1:3]
acad <- mm[, 4:8]
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ggpairs(psych)
# correlations
matcor(psych, acad)
ccl <- cc(psych, acad)
# display the canonical correlations
ccl$cor
# raw canonical coefficients
ccl[3:4]
# compute canonical loadings
cc2 <- comput(psych, acad, ccl)
# display canonical loadings
cc2[3:6]
# tests of canonical dimensions
rho <- ccl$cor
## Define number of observations, number of variables in first set,
and number of variables in the second set.
n <- dim(psych)[1]
p <- length(psych)
g <- length(acad)
## Calculate p-values using the F-approximations of different test
statistics:
p.asym(rho, n, p, g, tstat = "Wilks")
p.asym(rho, n, p, g, tstat = "Hotelling")
p.asym(rho, n, p, g, tstat = "Pillai")
p.asym(rho, n, p, g, tstat = "Roy"")
# standardized psych canonical coefficients diagonal matrix of psych
sd's
s1 <- diag(sqrt(diag(cov(psych))))
s1 %*% ccl1$xcoef
#standardized acad canonical coefficients diagonal matrix of acad
sd's
s2 <- diag(sqrt(diag(cov(acad))))
s2 %*9% ccl1$ycoef
Canonical correlation analysis is used to describe the

relationship between the two sets of variables. And independence
between the two sets of variables.
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